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zn´np[]`_}p`bzu}`
n
w]t]m`qlq¯£x°n[]x§w«mx§l¤npzuwr0`
r
¨ª}ptu^:n[`
x§w{np`_wm`¢m`_kxyr0`u¯
£[]x§r[¢rqzw¢r0tu^#^<v]wx§rqzUn`©x§w¢zlx°wu¦§`­F[]t{²¨Tz{l¤[x°t{w±£x°n[¢x¬n³Z[`©wFv]^<`q}<tu¨
m`qkx§r_`ql3£x°n[£[]xyrp[tuv}3wtmm`erqzwr0t{^#^<v]w]xyr_zUnp`emx§}`rnp¦°j $ª}p`0¨ª`_}p}p`q#nptz{l@,/2 (=,  2 094(,! &·x°w
np[]`·¨ªtu¦§¦°tU£x§w]56¨ªtu¦§¦§tN£sl(n[`,]x§l¤n}px§]vmnx§tuw@¦§zN£
Pn(+∞)
³
Z[]`#`_u`_wFn
n
t{w]`­k[]tuIw]`qx°{[Ftu}lez}p`b]}p`ql`_w{n·£x°n[]x§w±mxylonzwr0`
(x + δx)  r_zuwI`#£}x°n¤np`_w«zulnp[]`,v]w]x§tuwtu¨n[]}p`_`mx§lT~otux§w{ns`qu`_w{nl $Tv]nt#n[]` $}l¤ntu}m`_}x§w
δx
6:F
*u³(np[]`_}p`(zu}`
n
tuw]`0­F[]t{w]`_x§u[ktu}l2£x°n[]x§wmxyl¤npzw*r0`
x
zuww]tew]tmm`l.z}p`}`l¤`qw{n.x§w<n[]`zuwFv]¦§vl
C(x, x + δx) 
m³(np[]`_}p`z}p`
(n − 1) t{w]`­k[]tuw]`qx°{[Ftu}l£x°n[]x§wmx§l¤npzuwr0` x zuwtuw]`m`qFxyr0`,x§w C(x, x + δx)£[]xyr[@r_zuw@r0t{^^<v]wx§rqzUn`,£x¬np[n[]`,x§w{n`qwm`w]tmm` 
]³(np[]`_}p`·z}p`
n
tuw`­F[]t{©w`_x§u[Ft{}pl3£x°n[]x§w]x§l¤npzuwr0`
x
zwtuw]`·m`qFxyr0`ex§w C(x, x + δx) £[]xyr[rqzw]w]tunsr0tu^#^<v]wx§rqzUn`,£x¬np[np[]`,x§w{n`qwm`w]tmm`{³
Z[]`qwÂ¯m¨ªtu¦§¦§tN£x§w] (+*q,2£3`,rqzw£}x°n`·¨ªtu}
n ≥ 1 F
Pn(x+ δx) = Pn(x)[1−2πλxδx]+Pn−1(x)2πλxδx[1−FR(x)]+Pn(x)2πλxδxFR(x)+o(δx).$â 6
¶tu}
n = 0
¯]£3`,[zu` F
P0(x + δx) = P0(x)[1 − 2πλxδx] + P0(x)2πλxδxFR(x) + o(δx).
$ 5 6
Z.z®kx§w]
δx → 0 ¯]£3`·{`0nF
{
∂Pn(x)
∂x
= 2πλx[1 − FR(x)][Pn−1(x) − Pn(x)], n ≥ 1;
∂P0(x)
∂x
= −2πλx[1 − FR(x)]P0(x).
$G+6
tN£,¯]¦°`_nv*l]`$w]`·np[]`,u`_w`_}zUnx§w]b¨ªv]wr0nx§tuw@t¨
Pn(x)
zulF
Π(x, z) =
+∞
∑
n=0
Pn(x)z
n.
$4*q56
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¶}t{^ $T563£(`·u`_nF
∂Π(x, z)
∂x
= 2πλx[1 − FR(x)](z − 1)Π(x, z).
$4* *6
1`_wr0`{¯
∂ ln Π(x, z)
∂x
= 2πλx[1 − FR(x)](z − 1).
$ *-6
tnx§w]np[zUn
Π(0, z) = 1
¯zuw[]`_w*r0`
ln Π(0, z) = 0
¯]£3`,u`_nq¯]x°wFn`_{}pznx§w] $ *-6¨ª}ptu^
0
nt
+∞ F
ln Π(+∞, z) = (z − 1)πλ
+∞
∫
0
2x[1 − FR(x)]dx = (z − 1)πλE[R2].
$4*q56
  wku`_}nx§w]¯{£(`)$wn[znn[`wkv]^<`_}(t¨Âtuw]`0­F[]t{#w]`qx°{[Ft{}pl¨ªtu¦§¦§tN£sl3z,|
tuxylltuw©mxyl¤n}px°]v]nx§tuw©£x°n[
x§w{np`_wlx¬noj
πλE[R2]
³ =lsz#r0tu}ptu¦§¦yz}ju¯Fn[`·wtmm`·xyl¤t{¦§znx§tuw]}ptuzu]x§¦°x°nojxylux§u`_wFjF
PI = P0(+∞) = e−λπE[R
2].
$4*_:6
tn`,np[zUn $ *_:6r0t{v]¦§@`}`_n}px°`qu`q£x¬np[]tuv]}}p`qltu}nx§w]bnpt©u`_w]`q}pznx§w]¨ªv]wr0nx§tuwÂ¯*kjlx°^#]¦§jx§w{np`-
{}pznx§w]bnp[]`l`qr_tuw` FvzUnpx°t{wx°w<$T+60³ =swz¦°n`q}wznx§u`·^#`0n[tm¨ªtu} $wmx§w]n[]`}`q¦§znx§tuwl[]x§ $4*_:6
xyl}p`_t{}¤np`qx§wnp[]`z]`qwmx"M³
Z[]`·`{v*zUnx§tuwzutNu`e]}p`qmxyrnl3np[zUnt{v]}ljkl¤n`q^!`_[zNu`ql(¦§x§®u`·z ;3tmtu¦§`qzw^#tmm`q¦¸£x¬np[` Fv]x§Uz¦§`_wFn
zNu`_}zu`<zu}`z
Ŝ = πE[R2]
(Å3*,D³<¶]t{}^<v]¦yz $4*_:6sxyl´£3t{}¤np[²l¤t{^`r_tu^#^#`_w{nl_³   w*m`_`¸¯¸x°n·]}`mxyrnpl
np[zUn(=)/2=20)/2 *+, 2& &  %)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2  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 0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l
x°¨2zw#t{w]¦°jx°¨Mnp[]`][Fjmlx§rqz¦[]`_w]t{^`qw]tuw£[x§r[x§wmv*r0`qlRnp[]`}pzuwmt{^w`qlpl¦°`zu]lnpt<zuw#x§wr_}`q^`qw{n
x§wnp[]`l¤`r0t{wF­Ft{}pm`q}(^t{^#`_w{nstu¨n[]`,}zw]tu^!Uz}pxyz]¦§`
R
³
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  w ( ,z±l¤`q^x¬­kzuwz¦§jFnxyr_zu¦z]]}pt{z{rp[¥xyl#]}p`ql`_wFn`q¥¨ªtu}#n[]`r0t{^#]vmnpznx§tuw t¨´n[]`w]tmm`@x§ltu¦yznx§tuw
]}ptuzu]x§¦°x°nojx§wz<l[zumtU£x§w]`qwFkx§}t{w]^`qw{n³   wzu}¤npx§r_v]¦§zu}q¯{n[]`e]}t]r0`qmv}`x§l3z{l¤`tuw©n[]`·mxylonp}x&-
]vmnpx§tuwt¨
n[`
k
­{np[w]`qzu}`lonsw]`qx°{[Ft{}mx§l¤npzuwr0`l_¯]v]n´w]t©r_¦°tFl¤`F­{¨ªt{}^!¨ªtu}p^<v]¦yz#xylstumnzx§w]`q¸³ ;(j
¨ªt{¦°¦§tN£x§w]enp[]`}tmr_`qmv]}p`tuvmnp¦°x§w]`q#x°wnp[]`}`qFx§tuv*ll¤v]l`qr0nx§tuwÂ¯u£(`sz}p`z]¦§`(npt,u`_nRz,r0¦§t{l`qk­{¨ªtu}p^
` "k}`qlplx°t{w#¨ªt{}
PI
¯k¨ª}t{^ £[]xyrp[x°nx§l(t{lpl¤x§]¦§`ntr_¦°`z}p¦°jl¤`q`n[]`ex§^#zur0n(tu¨Ân[]`·]xA@M`_}p`_wFn(¨Tzurnptu}l_³
ex§u`_wzbn}zwl^#x¬nn`_}¤­F}p`qr_`_x§u`_}mx§l¤nzwr0`
ρ
¯mn[`·Mm¨.tu¨n[`,zUnp[¦§t{lpl(xyl{x°u`qwkj (&*N, F
fl|r(a|ρ) =
1√
2πσa
e
− 12
(
ln a−ln(Kρ−α)
σ
)2
,
$4*+6
£[]`q}`
σ
¯¸n[]`#¦§tu{w]tu}p^z¦.l]}p`qz{¸¯¸x§len[]`l¤npzuw]zu}pIm`qkx§znx§tuw²t¨np[]`'·zvlpl¤xyzuw²mx§l¤n}px§]vmnx§tuw±m`-
lpr0}px°x°w]n[]`l[zu]tN£x§w]][]`qw]tu^#`_wtuwÂ³
E«`·n[]`qw[*zu` F
E[R2] =
+∞
∫
0
dρ2ρ
[
1 − Fl|r
(
WΨ
Ptx
|ρ
)]
=
+∞
∫
0
dρ2ρ
+∞
∫
WΨ
Ptx
da
1√
2πσa
e
− 12
(
ln a−ln(Kρ−α)
σ
)2
.
$4*/56
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&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&& 
hkv]*lonpx¬npvmnx§w]
x = ln a−ln Kρ
−α
σ
=
ln
(
aρα
K
)
σ
¯]£3`·{`0nF
E[R2] =
+∞
∫
0
dρ2ρ
+∞
∫
ln(WΨρ
α
PtxK
)
σ
dx
1√
2π
e−
x2
2 .
$4*N-6
hkx§wr0`·np[]`,x°wFn`qu}z¦ylr0t{wFu`_}pu`·zltu¦§vmnp`_¦§ju¯m£3`·^zNjzu]]¦§j¶v]]x§w]x  lnp[]`_t{}`q^¯]u`0nnx§w]LF
E[R2] =
+∞
∫
−∞
dx
(
eσxPtxK
ΨW
) 1
α
∫
0
dρ2ρ
1√
2π
e−
x2
2 =
+∞
∫
−∞
dx
(
eσxPtxK
ΨW
)
2
α 1√
2π
e−
x2
2 =
=
(
PtxK
ΨW
)
2
α
+∞
∫
−∞
dx
1√
2π
e−
x2
2 +
2σx
α =
(
PtxK
ΨW
)
2
α
e
(√
2σ
α
)2
,
$4*5 6
£[]`q}`·£3`,vl`qnp[]`·¨ªtu¦§¦°tU£x§w]x§w{np`_{}pzu¦ (Å7, F
+∞
∫
−∞
dx
1√
2π
e−
x2
2 e±βx = e
β2
2 .
$4*q56
1`_wr0`·np[]`,w]tmm`·xyltu¦yzUnx§tuw}t{z]x§¦§x¬noj©x§lux§u`_wFjF
PI = e
−λπ(PtxKΨW )
2
α e
(√
2σ
α
)2
.
$G56
|R¦§`qz{l¤`·wtn`·n[znn[]xyl}`l¤v¦¬n£(z{lx°^#]¦§xyr0x°n¦§jm`q}x§u`qx§w (+*q,D³
Z[]xyl.lv]u{`ql¤nplÂn[*zUn.n[]`(]}p`ql`_wr0`3t¨¦§tuuwtu}p^#zu¦{l¤[*zumtU£x°w0  ,!7&(n[]`r0t{w]w]`qr0nx§kx¬noj·]}ptu`q}¤npx°`l
tu¨¸n[]`´w`0no£3tu}p®M¯Fzul}`mx§r0n`Fjnp[]`´}p`qlv]¦¬nlx§w>(+*q]¯5,â³¶v]}¤np[]`_}¯{n[]`ew]tmm`xyltu¦yzUnpx°t{w]}t{z]x§¦§x¬noj
xyl^#tuwtnt{w]xyr_z¦§¦§j©m`qr_}`zulx°wbx§wnp[]`,¦§tuuwtu}p^#z¦¸l]}`zu
σ
³
Z[]xyl¨Tz{rn^zj zu¦§lt9`²l¤`_`qwWzulz9Fjk]}ptmmvr0nt¨z9^#tu}p`u`qw]`_}z¦s}p`qlv]¦°nq¯£[]xyrp[W}`q{z}]lnp[]`
tFllx°x°¦§x¬nojt¨ $w*mx°wzlonptmrp[*zul¤nxyrt{}pm`q}x§w] bz^#tuw]n[]`#]x§l¤n}px°vmnx§tuwlet¨n[]`#r_tu^#^<v]w]xyr_znx§tuw
}zw]{`e£x¬np[@]xA@M`_}p`_wFnsUz¦§v]`l(tu¨n[]`,¦§tu{w]tu}p^#zu¦Ml]}p`qzu
σ
³   wm`_`¸¯]£3`,[zNu`9F
FRσ (a) = 1 −
∫ ΨW
KPtx
0
dx
1√
2πσx
e
− 12
(
ln(xaα)
σ
)2
=
∫
ln ΨW a
α
KPtx
σ
−∞
dt√
2π
e−
t2
2 = Φ
(
ln ΨWa
α
KPtx
σ
)
.
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  nsxyl(np[]`_w@`qz{l¤jnptl`_`en[*zUns£3`·^zNj©£}px¬np`9F
Rσ1  Rσ2 , σ1 ≤ σ2.
$Gu+6
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A
ÊéNÏ
B
ö2Æ¸Î<ÄDÊ¤ÑÍGÁUÊpÍ
A
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B
ö
A  B
Ã æ
FA(x) ≥ FB(x) ∀x ≥ 0
@ M%Eóå
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¶}t{^ ( u7,â¯ $G{-63xyl` Fv]x§Uzu¦°`qw{nnpt
E[f(Rσ1)] ≤ E[f(Rσ2)], σ1 ≤ σ2
$G56
¨ªt{}szwFjx°w*r0}`zulx°w<¨ªvwrnx§t{w
f(·) ³ 1s`qwr0`{¯]£3`·[zNu`en[znF
E[Rhσ1 ]  E[Rhσ2 ], σ1 ≤ σ2, h ≥ 0.
$DU:6
Z.z®kx§w]
h = 2
zw*I}p`qrqz¦§¦°x§w] $4*q560¯Â£3`#}p`0np}x§`_u`bnp[zUn,n[`#wtmm`#x§ltu¦yzUnpx°t{w²]}t{z]x§¦§x¬nojIm`qr_}`zul`ql
^#tuwtnt{w]xyr_z¦§¦§j£x¬np[n[]`,¦§tu{w]tu}p^z¦Ml]}p`qzu
σ
³
  wnp[]`¦§x°^#x°n
σ → +∞ n[]``q[zkx§tu}t¨.np[]`}`l¤v]¦°npx°w]w]`0no£3t{}®£x§¦°¦2}p`ql`_^<]¦§`enp[zUnt¨z#}zw]tu^{}pzu][ ( G*,D¯Âx§wInp[zUn·n[`#lznxyz¦r0t{^t{w]`_wFn·£x°¦§¦`qr0t{^#`w]`_u¦§x§ux§]¦§`u³   w±l¤v*rp[²¦§x§^x°nx§w]@}p`_ux§^#`u¯
np[]`b]}ptuzu]x§¦°x°nµjn[zn·znojk]x§rqz¦.w]tm]`<xyler0tuw]w`qrnp`qntzwkjtun[]`q}´w]tmm`<n`qw]l´nt 1
2
³   w]`_`qnp[]`
]}ptuzu]x§¦°x°nojtu¨
r0t{w]w]`qr0nx§tuwnt©zw]tmm`,znsmxyl¤npzw*r0`
ρ
x§lF
P
[
l ≥ WΨ
Ptx
|r = ρ
]
=
+∞
∫
WΨ
Ptx
1√
2πσa
dae
− 12
(
ln a
Kρ−α
σ
)2
=
+∞
∫
ln
WΨρα
PtxK
σ
dx
1√
2π
e−
x2
2 = Q
(
ln WΨρ
α
PtxK
σ
)
,
$Gu+6
£[]xyr[¡¨ªtu}zwkj $w]x°n`
ρ
n`qw]l©nt
Q(0) = 12
zul
σ → +∞ ³ Z[`]}ptuzu]x§¦°x°nµj¥np[zUn¯ux§u`_w ntun[]`q}#w]tm]`ql#x°wYnp[]`w]`0no£3tu}p®M¯Rn[`nojk]x§rqz¦w]tm]`xyl#xyl¤t{¦§zn`¢xyl 1
2n → 0
zul
n → +∞ ³ hmx°wr_`x§w²tuv]}·v]wFt{v]wm`I}`qux§tuwnp[]`_}p`x§le|­kz³ lq³zuwIx§w3$w]x°n`#wkv]^<`_}·tu¨wtmm`qlq¯¸tuv]}·w]`0no£3tu}p®@£x§¦§¦
|
­
z³ lq³Rw]tn]}`l¤`qw{nzwkjx§ltu¦yzUnp`qw]t]m`u¯£[]x§r[@]}ptUFxym`lzw@x°wm¨ªt{}^zu¦k~ovl¤nx&$*rqzUnx§tuwt¨.n[]`,¨Tzur0nn[*zUn
lim
σ→+∞
PI = 0
³<c´wnp[]`tn[`_}e[zwÂ¯Mx°¨
σ → 0 £3`b}p`0np}x§`_u`np[]`]`0n`q}^#x§w]xylonpx§rbzUnp[k­F¦§t{lpl^t]m`_¦]}p`_kx§tuvl¦§j«zw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∑
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λ→∞
λPI = 0.
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M
}p`qr0`qx°u`¢l¤x§{wz¦yl_¯
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`t{w]`£x°n[¥n[]`¦yz}pu`ql¤n
hm´ x§lsm`qr_tmm` 
 
^z/"mx§^z¦¸}zUnpx°tr0tu^<x°w]x§w] $Gda 6F]n[]`
M
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`
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z±mx§u`_}lx¬noj¥lr[]`q^`£[]xyrp[¡`_^#]¦§tNjml
M
zwFn`_wwzulzn#n[`@n}zw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}`q]¦§x§rqzult¨
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z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x§w]}`l¤`qwr0`
tu¨n}zwl^#x¬nn`q}o­kzul`qmx°u`q}plx°nµjlr[]`_^#`l_¯Mzr0tu}p}p`ql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r0}p`qz{l¤`<x°wn[`<n}zwl^#x¬nn`tU£3`_}
xyl<}`{vx°}p`q¸³<$   w¢}p`qz¦§x°nµj{¯
z¦ylt@np[]`z{mtumnpx°t{w9t¨slvr[¢lx§uwzu¦]}t]r0`qlplx°w]@np`qrp[w]x!Fv]`l<x§^¦°x§`qlbzuw
z{]mx°nx§tuwzu¦MtU£3`q}r_tuw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}l¤nlprp[]`q^#`  ux§u`_w±zw±zNu`q}pzuu`#hm´ t¨ Γ = y ¯2n[]`}t{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`·zUnp[]}p`ql`_wFnplzhm´ u}p`qzUnp`_}(n[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Ψ
x§lF
PS|Γ(y) = 1 −
M
∏
k=1
Ψ
∫
0
daifγi|Γ(ai|y) = 1 −


Ψ
∫
0
da
1
y
e−
a
y


M
= 1 −
(
1 − e−Ψy
)M
=
= −
M
∑
h=1
(
M
h
)
(−1)he−hΨy . $ªF+6
hkv]*lonpx¬npvmnx§w] $ªF+63x§w $ *_560¯knt{u`_n[]`q}£x°n[7$4*N-60¯m£3`,u`0nF
PI = exp



−λπ


+∞
∫
0
da
+∞
∫
0
dρPS|Γ
(
aPtx
W
)
2ρfl|r(a, ρ)





=
= exp





λπ
M
∑
h=1
(
M
h
)
(−1)h



+∞
∫
0
da
+∞
∫
0
dρe−
hΨW
aPtx 2ρ
1√
2πσa
e
− 12
(
ln
aρα
K
σ
)2








=
= exp



λπ
M
∑
h=1
(
M
h
)
(−1)h


+∞
∫
−∞
dx
+∞
∫
0
dρ
1√
2π
e−
x2
2 2ρe−
hΨW e−σxρα
KPtx





.
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PI = exp
{
λπ
M
∑
h=1
(
M
h
)
(−1)h 2
α
Γ
(
2
α
)(
hΨW
KPtx
)− 2
α
e
(√
2σ
α
)2
}
=
= exp
{
λπ
2
α
Γ
(
2
α
)(
ΨW
KPtx
)− 2
α
e
(√
2σ
α
)2 M
∑
h=1
(
M
h
)
(−1)hh− 2α
}
.
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M
∑
h=1
(
M
h
)
(−1)hh− 2α ≤ −1,
£3`^zNj±r0tuwr_¦°v*m`©n[zn<n[]`vl`©tu¨}p`qr_`_x§u`_}bmx°u`q}plx°nµj«£x¬np[¢`lonbzn[¥l`_¦§`qr0nx§tuw9x§^#]}tUu`ql,np[]`
r_tuw]w]`rnx§kx°nµj ]}ptu`q}¤npx°`lt¨<n[]`±}`l¤v]¦°nx§w] w]`0no£3tu}p®M¯´z{l`"m`rn`¸³ tnp`u¯e[]tN£(`_u`_}¯sn[*zUnnp[]`
lpr_zu¦°x§w]b¨ªtu}zuljF^#mnptnpx§r·r0t{w]w]`qr0nx§kx¬noj}`q^#zux°w*l(v]w*rp[zuw]u`¸³
  wIr_z{l¤`t¨da´¯*n[]`l¤jml¤n`q^ `q[zu`lzulx¬¨np[]`br[zw]w`_¦.r0t{wl¤xyl¤n`q@tu¨Rzuw
M
­mzu®UzFzU^#x¸¨Tz{mx°w
lv]`_}px°^#tFl¤`©nt¦°t{uw]t{}^z¦¸l¤[z{mtU£x°w] (Å,D³RZ[]`,Mk¨
t¨np[]`,x§wlonzwFnpzw`_tuv*lhm´ x§lux§u`_wFjF
fγ|Γ(a|y) =
(
M
y
)M
aM−1
Γ(M)
e−M
a
y ,
£[]`q}`
Γ(·) xyl3n[`·zu^#^#z<¨ªv]wr0nx§tuwÂ³Rtnp`´n[*zUn(¨ªt{} M = 1 £3`etu]npzx§wn[]`·vlvz¦M` "k}`llx°t{w¨ªtu}szNjk¦°`qx°{[¨Tzu]x°w]*³Z[]`r_rqk¨.xylux§u`_wFjF
PS|Γ(y) = P [γ > Ψ|Γ = y] = 1 − Fγ(Ψ) =
Γ
(
M, MΨ
y
)
Γ(M)
,
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£[]`q}`
Γ(·, ·) xyln[`x§wr0t{^¦°`_n` ·zu^^z#¨ªv]wrnpx°t{w (Å7,â³hmx°wr_` M xylzwx°wFn`_{`_}¯]n[]`<`"m]}p`qllx§tuwzutNu`·lx§^¦°x&$`qlnt F
PS|Γ(y) = e
−M Ψ
y
M−1
∑
h=0
(
MΨ
y
)h
1
(h + 1)!
.
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PI = exp



−λπ
M−1
∑
h=0
1
(h + 1)!


+∞
∫
0
da
+∞
∫
0
dρe−
ΨW
aPtx ·
(
MΨW
aPtx
)h
2ρ
1√
2πσa
e
− 12
(
ln a−ln(Kρ−α)
σ
)2





=
exp



−λπ
M−1
∑
h=0
1
(h + 1)!


+∞
∫
−∞
dx
+∞
∫
0
dρ
1√
2π
e−
x2
2 2ρe−
ΨW e−σxρα
KPtx
(
MΨWe−σxρα
KPtx
)h





=
= exp



−λπ
M−1
∑
h=0
1
(h + 1)!


+∞
∫
−∞
dx
1√
2π
e−
x2
2
2
α
·
(
ΨW
eσxKPtx
)−(h+ 2α )
Γ
(
αh + 2
α
)(
MΨWe−σxρα
KPtx
)h





=
= exp
{
−λπ 2
α
e
(√
2σ
α
)2
(
ΨW
KPtx
)− 2
α
M−1
∑
h=0
1
(h + 1)!
MhΓ
(
h +
2
α
)
}
.
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M−1
∑
h=0
1
(h + 1)!
MhΓ
(
h +
2
α
)
≥ Γ
(
2
α
)
,
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zul¤`q]x°u`q}plx°nµj©£x°n[dsa x§^#]}tUu`ql(n[]`,w]`_nµ£(tu}p®r0tuw]w`qrnpx°kx°noju³
¶tu}tun[;(|3hzuwdIa´¯mn[]`r0tuw]w`qrnpx°kx°noj©x°^#]}ptN{`_^#`_w{nsr0t{v]¦y`·]}p`qmxyrnp`qFj`ql¤npzu]x°¦§xyl¤[]x§w]
z²lonptmrp[*zul¤nxyr©tu}m`_}px°wzu^#tuw]n[]`@mxylonp}x§]vmnpx°t{wlbt¨sn[]`@r0t{^^<vw]x§rqzUnpx°t{w¢}pzuw]u`
R
x°wY]}`l¤`qwr0`
tu¨]xA@M`_}p`_wFnwkv]^<`_}#t¨´zuw{np`_w]wz{l_³   nl¤v r_`ql<npt²w]tun`np[zUn¨ªtu}tun[Ylprp[]`q^#`qlq¯x°¨
M1 ≤ M2
¯
PS|Γ,M1 ≤ PS|Γ,M2
¯*£[]`q}`
PS|Γ,x
xyln[]`<]}t{zx°¦§x¬nojt¨Rl¤vrqr0`qlpl¤¨ªv]¦2}`r0`_]nx§tuw@{x°u`qwzwzu`q}pzuu`
hm´¢tu¨
Γ
zwx§w<]}p`ql`_w*r0`tu¨
x
zuw{np`_w]wz{l_³
hkv]l¤nx°nvmnpx§w]ex§w$ /56¯Ux°n
xyl`qz{l¤jentel`_`n[*zUnzl¤nt]rp[z{lonpx§r
t{}pm`q}x§w]#z^#tuw]bnp[]`mxylonp}x§]vmnpx°t{w@r_tu}p}`l¤tuwmx§w]<nptmx&@M`_}`qw{nsz¦§v]`qlt¨
M
xylt{lplx°]¦§`9F
RM1  RM2 M1 ≤ M2,
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³
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tun[np[]`<lprp[]`q^`lszwzu¦°jml`q¸¯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x§w±¶x§³zw«¶x§³65³ =l,x¬n,^zNj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xyl£3t{}¤np[w]tunx§w]n[zns£x¬np[;(|3hn[`,r_tNu`q}pzuu`´`_w][zuwr0`q^`qw{nl(n`qwntlpzUnpv]}pzn`{¯mltbnp[zUnsx¬nmtm`ql
w]tun·l`_`_^ t¨x§w{np`_}p`ql¤n´nt{t`_j{tuw
M = 3
¯M£[x°¦§`b£x°n[«dsaJn[`b`q}¤¨ªt{}^zuwr0`<x°^#]}ptUu`_^#`_wFn
np`_w]l·nptr0t{wl¤xym`q}pzu]¦°jx§wr_}`zul`b£x°np[
M
³2= ]x°}p`qr0nr0t{^*z}px§ltuwItu¨3n[]``q}¤¨ªt{}^zwr_`#zur[]x°`qu`q
kjtn[lprp[]`q^`lxyl}p`_}`l¤`qw{n`x§w¶.x§³*]¯£[]`q}`,x°n^zj`<l¤`q`_wnp[zUn´dsaWt{vmn`_}¨ªtu}p^l(np[]`
lx°^#]¦§`_};(|3hlr[]`_^#`{¯zuw@n[znn[`<`_}¨ªtu}p^zwr_`z{rp[]x§`_z]¦§`£x¬np[ ;(|3hzw
M = 4
zuw{np`_w]wz{l
^zNj©`,tumnzx§w]`qzu¦§ltFj¦§x§^x°npx°w]#np[]`,wFv]^<`q}st¨
zuw{n`qw]wzulnt
M = 2
zw`_^#]¦§tNjkx§w]z#da
lprp[`_^#`u³
   37 /20</
  wn[]xylz`q}
£(`[zNu`]}`l¤`qw{np`qzw#zuwz¦§jFnxyr_z¦m]}t]r0`q]v]}`3¨ªt{}
n[]`sr_tu^#]vmnpznx§tuwt¨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¶.x§uv]}p`<3F3a3tUu`_}zu`e]}ptu*z]x§¦°x°noj©mlq³Rw]t]m`m`_wlx°nµjFRn[]`x°^#z{rnt¨
}`r0`_x§u`_}smx§u`_}lx¬noj£x¬np[@`lon
zn[Il¤`q¦°`rnx§tuwzu¦°{tu}px¬np[]^  Ptx = 1 ^E±zn¤nq¯ K = 10 ¯ W = 0.01 ^E±zUnnq¯ Ψ = 10 G;e¯ α = 3.5 ¯
σ = 3
`q^][*zulx§letuwInp[]``@`rn,tu¨¦§tu{w]tu}p^z¦.l[zu]tN£x§w]zw²szNjk¦°`qx°{[¨Tzumx§w]][]`qw]tu^#`qwz]³?E«`[zNu`
l[]tU£w9n[*zUnn[]`w]tmm`xyltu¦yzUnx§tuw¢]}ptuzu]x§¦°x°noj±m`r0}p`qz{l¤`l<zul<np[]`¦§tu{w]tu}p^z¦3l]}p`qzu
σ
x°wr_}`zul`qlq¯
zuw¥x°wku`ql¤nx§{zn`q¢n[]`@w`_{znx§u``@`rnt¨ezjk¦§`_x§u[¢¨Tz{mx§w]³ E²`@]}ptUu`q9np[zUnw]t±r_tuw]w]`rnpx°kx°nµj
x§^#]}tUu`_^#`qw{n^zNj`,zur[]x°`qu`qFj©v*l¤x§w]}zwmt{^ n}zwl^#x§lpl¤x§tuwtU£3`_}l`_¦§`qrnpx°t{wlpr[]`_^#`qlq³Z[]`
w]t]m`·xyl¤t{¦§znx§tuw]}ptuzu]x§¦°x°nojr0tux§wr_x§m`l£x°n[n[`r0tu^#]¦§`_^#`qw{nst¨np[]`r_tNu`q}pzuu`´]}ptuzu]x°¦§x°nµj{¯mux§u`_w
np[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